Towards an intrinsically analytic interpretation of the f-invariant by Bunke, Ulrich & Naumann, Niko
Universita¨t Regensburg
Mathematik
Towards an intrinsically analytic
interpretation of the f-invariant
Ulrich Bunke and Niko Naumann
Preprint Nr. 21/2008
Towards an intrinsically analytic interpretation of the
f -invariant
Ulrich Bunke∗ Niko Naumann †
August 5, 2008
Abstract
The f -invariant of framed bordism is a generalization of Adam’s e- invariant
which captures a substantial portion of the stable homotopy of the sphere, most
notably the Kervaire invariant one elements. In this paper we take a first step
towards an analytic expression of this invariant extending the results of Atiyah,
Patodi and Singer for the e-invariant.
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1 Introduction
In this paper we consider analytical and topological invariants ηan and ηtop of closed framed
manifolds. The Pontrjagin-Thom construction relates framed manifolds with elements in
the stable homotopy groups of spheres. In order to detect those elements, first instances
of a hierarchy of invariants d, e, f, . . . have been introduced. The first two, the degree d
and the e-invariant are due to Adams [Ada66] and can be related to ordinary homology
and complex K-theory, respectively. The f -invariant was introduced by Laures [Lau00]
using variants of elliptic homology theories.
The construction of the f -invariant given by Laues requires a presentation of the framed
manifold Z as a corner of codimension two of an almost complex manifold X with suitable
splittings of the stable tangent bundle. Given such a choice, the f -invariant is defined as
an integral of a characteristic form over X. This is similar to the case of the e-invariant
which can be written as an integral of a characteristic form over an almost complex zero
bordism N of the framed manifold Z. The e-invariant has an intrinsic interpretation in
terms of spectral geometric quantities of Z due to Atiyah-Patodi-Singer [APS75a].
The starting motivation of the present paper was to find a similar intrinsic representation
for the f -invariant. A solution to this problem is still unknown. The present paper offers
a first step in this direction by reducing the set of choices to an almost complex zero
bordism as in the case of the e-invariant.
For an m-dimensional framed manifold Z, or an element α ∈ piSm, our invariants ηan and
ηtop have values in a certain group Um+2.
On the analytic side, given the choice of an almost complex zero bordism N , we define an
element ηan(Z) ∈ Um+2 (see Theorem 3.5 and Definition 8.1) involving spectral invariants
(η-invariants) of Dirac operators on N . We then show that this invariant, as the notation
suggests, only depends on the framed bordism class of Z (see Theorem 8.2). If the zero
bordism (N,Z) occurs as one of the two boundary faces of a manifold X with corners of
codimension two as in the set-up of Laures, then a version of the Atiyah-Patodi-Singer
index theorem provides the relation between the f -invariant of Laures and our ηan. The
fact that the f -invariant of Z is determined by ηan(Z) shows that ηan is as non-trivial as
the f -invariant.
If we consider Z as given via Pontrjagin-Thom by a representative of a stable homotopy
class α ∈ piSm, then the choice of a zero bordism N corresponds to the choice of a first
lift αˆ ∈ MUm+1 of α in the MU -based Adams resolution of the sphere spectrum. By
mimicking the index theoretic considerations in stable homotopy theory, from αˆ we define
a class ηtop(α) ∈ Um+2 (see Definition 4.1). We then again observe that it only depends
on α.
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One of our main results is that the topological and analytical invariants coincide (The-
orem 8.7). If one considers the Atiyah-Singer index theorem about the equality of the
topological and analytical index of a Dirac type operator as a primary index theorem,
then the equality of the two ways to construct the e-invariant, one given by the original
approach due to Adams, and the other intrinsic one due to Atiyah-Patodi-Singer, is a sec-
ondary index theorem, namely an equality between secondary invariants in index theory
and homotopy theory. In this hierarchy, our equality ηan = ηtop can be considered as a
tertiary index theorem.
More specifically, in the present paper we consider the Dirac operators on a stably almost
complex manifold twisted by a formal power series of bundles which is related to the
complex elliptic genus. A priori, the index is a formal power series in one variable q with
complex coefficients. The primary index theorem for even-dimensional manifolds implies
that the power series is the q-expansion of an integral modular form. The secondary
index theorem is about the η-invariant of such Dirac operators on odd-dimensional closed
stably almost complex manifolds. It is again a one-variable formal power series, and by
the secondary index theorem (a version of the Atiyah-Patodi-Singer theorem) this power
series is a sum of a q-expansion of a modular form (not necessarily integral) and a formal
power series with integral coefficients. The tertiary index theorem calculates the deviation
of the η-invariant from being such a sum if the manifold is not closed but has a framed
boundary.
The structure of the paper is as follows. In Section 2 we recall the motivating example
of the e-invariant. In Section 3 we introduce the modular Dirac operator and present
the details of the primary and secondary index theorem mentioned above. We then give
a definition of ηan under simplifying analytic assumptions. The general definition ηan
(Definition 8.1) and the verification of its properties is deferred to the more technical
Section 8. In Section 4 we introduce the homotopy theoretic analog ηtop. The f -invariant
according to Laures is reviewed in Section 5. In the following two Sections 6 and 7 we
relate ηan and ηtop with the f -invariant and provide the main ingredients of the proof of
their equality. In the final Section 9 we give an expression of ηan as a mod-k-index. It
is due to the rich additional structures related to the geometric and homotopy theoretic
pictures of the f -invariant that we can prove this. In order to understand the structures
better we discuss the example of the classicalmod-k-index of Freed-Melrose using a similar
approach. In this case we can show the index theorem only under an additional hypothesis.
While working on this project we profited from discussions with G. Laures and Ch.
Bodecker, who in his thesis calculates f -invariants explicitly using analytic methods,
namely the family version of the Atiyah-Patodi-Singer index theorem due to Bismut-
Cheeger and explicit calculations of η-forms.
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2 Dirac operators and the e-invariant
In this Section we recall the analytic interpretation of Adams’ e-invariant due to Atiyah-
Patodi-Singer [APS75b]. As a warm up we work out the principles which guided our
approach to the next level, the f -invariant.
If M is a closed almost complex manifold, then for every choice of a hermitean metric
on TM and a metric connection ∇TM preserving the almost complex structure on TM
the integral ∫
M
Td(∇TM) ∈ R (1)
of the Todd form is an integer, where
Td(∇TM) = det
RTM
2pii
1− e−RTM2pii
and RTM denotes the curvature form of ∇TM . This follows from the Atiyah-Singer index
theorem
index(6DM) =
∫
M
Td(∇TM) ,
where 6DM is the Spinc-Dirac operator associated to the Spinc-structure naturally induced
by the almost complex structure.
If the manifold has a boundary N = ∂M , then in general the integral (1) is just a real
number. By the Atiyah-Patodi-Singer index theorem the combination∫
M
Td(∇TM) +
[
η(6DN) +
∫
N
T˜d(∇LC,L,∇TM)
]
(2)
is an index and therefore an integer, where η(6DN) ∈ R is the η-invariant of the Spinc-
Dirac operator 6DN and T˜d(∇LC,L,∇TM) is the transgression form which we explain in
the following. The η-invariant is a global spectral invariant of 6DN and depends on the
choice of a Spinc-connection on N . The group Spinc(n) fits into a central extension
1→ U(1) c→ Spinc(n)→ SO(n)→ 1 .
Furthermore, there exist a homomorphism u : Spinc → U(1) such that the composition
u ◦ c : U(1) → U(1) is the double covering. Therefore, a Spinc-connection is determined
by the Levi-Civita connection ∇LC of the Riemannian metric and the central part ∇L2 ,
a connection on the line bundle canonically associated to the Spinc-structure via the
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character u. We have the following diagram of classical groups
U(1)
2
%%KK
KKK
KKK
KK

U(n) //
det

Spinc(2n)

u // U(1)
SO(2n)
which shows the following:
1. An almost complex structure and a hermitean metric on TM , i.e. an U -structure,
induces naturally a Spinc-structure.
2. In this case the line bundle L2 →M given by the Spinc-structure is L2 ∼= ΛmC T ∗M .
If the Spinc-structure comes from an almost complex structure, then a connection on TM
which preserves the metric and the almost complex structure induces a connection on L.
Note that ∇LC in general does not preserve the almost complex structure and therefore
does not induce a connection on L2.
The transgression of the Todd form in (2) has the following precise meaning. We split
x
1− e−x = e
x
2
x/2
sinh(x/2)
.
The second factor is an even power series and gives a characteristic form
Aˆ(∇TM) = det1/2
(
RTM
4pi
sinh(R
TM
4pi
)
)
of the real bundle TM . The first factor
ch(∇L) = eR
TM
4pii
represents the Chern character of a formal square root of the canonical bundle L2 =
ΛmT ∗M , if ∇TM preserves the almost complex structure and the hermitean metric. In
this way we can rewrite the Todd-form as a characteristic form associated to a pair
(∇TM ,∇L2) of a real connection on TM and a connection on L2. A metric complex
connection ∇TM naturally gives rise to such a pair (∇L2 ,∇TM), and in this case we have
Td(∇TM) = ch(∇L) ∧ Aˆ(∇TM) .
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A Spinc-connection gives rise to another pair (∇LC ,∇L2), and in this case we write
Td(∇LC,L) = ch(∇L) ∧ Aˆ(∇LC)
The transgression form T˜d(∇LC,L,∇TM) interpolates between these ends in the sense that
dT˜d(∇LC,L,∇TM) = Td(∇LC,L)−Td(∇TM) .
The upshot of this discussion is that the class
[
∫
M
Td(∇TM)] ∈ R/Z
is equal to
[
∫
N
T˜d(∇TM ,∇LC,L)− η(6DN)]
and therefore only depends on the boundary N of M as a geometric object.
Let us now assume that the boundary is framed, i.e. we have fixed an isomorphism
TN ∼= N ×R2m−1, where 2m = dimRM . Adding the normal direction we get an induced
framing TM|N ∼= N × R2m and, using R2m ∼= Cm, a metric and an almost complex
structure induced by the framing. We assume that the given almost complex structure
and metric on TM restrict to the ones induced by the framing over N . Furthermore we
assume that the metric complex connection ∇TM restricts to the trivial one ∇triv over N .
Then T˜d(∇LC,L,∇TM)|N = T˜d(∇LC,L,∇triv) does not depend on the remaining choice of
∇TM at all. We conclude that in this case, the classes appearing in (2)
etop(N) := [
∫
M
Td(∇TM)] ∈ R/Z (3)
ean(N) := [
∫
N
T˜d(∇triv,∇LC,L)− η(6DN)] ∈ R/Z (4)
are equal, i.e.
ean(N) = etop(N) , (5)
and that they only depend on the framed manifold N . From now on we omit the super-
scripts top and an.
It is easy to see that e(N) is a framed bordism invariant. In fact, the intrinsic interpre-
tation (4) shows that e(N unionsq N ′) = e(N) + e(N ′). If M is a framed bordism between N
and N ′, then we can choose the trivial connection ∇TM := ∇triv and therefore by (3)
e(N)− e(N ′) = e(N unionsq −N ′) = [
∫
M
Td(∇TM)] = 0 .
The Todd class is stable, i.e. if we add a trivial bundle V ∼= M × Rr to TM and let ∇V
be the trivial connection, then
Td(M) = Td(M ⊕ V ) , Td(∇TM) = Td(∇TM⊕V ) .
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A stable framing or stable almost complex structure onM is a framing or almost complex
structure on TM s := TM ⊕ V for a suitable r. A stable almost complex structure still
induces a Spinc-structure, and the discussion above easily extends to the stable setting.
In particular, we get a homomorphism e : Ωfr∗ → R/Z from the bordism group of stably
framed manifolds.
By the Pontrjagin-Thom construction the group Ωfr∗ is isomorphic to the stable homotopy
group piS∗ of the sphere. If a class [f ] ∈ piSn is represented by a differentiable map f :
Sm+n → Sm, then for a regular point x ∈ Sm the preimage N := f−1({x}) ⊂ Sm+n is an
n-manifold whose stable normal bundle is framed. This framing induces an equivalence
class of stable framings of the tangent bundle, and the corresponding [N ] ∈ Ωfrn represents
the image of [f ] under the Pontrjagin-Thom isomorphism
piSn
∼→ Ωfrn .
The e-invariant
e : piS∗ ∼= Ωfr∗ → R/Z
has been introduced by Adams [Ada66] and was identified with the analytic expression
(4) by Atiyah-Patodi-Singer [APS75b, Theorem 4.14].
A successful tool for studying the stable homotopy groups of spheres is the Adams-
Novikov spectral sequence
Es,t2,MU = Ext
s,t
MU∗MU(MU∗,MU∗)⇒ piSt−s , (6)
whereMU∗ denotes the bordism ring of stably almost complex manifolds. It is canonically
a comodule for the Hopf algebroid (MU∗,MU∗MU), and the Ext-group is calculated in
the abelian category of comodules. The Adams-Novikov spectral sequence converges to
a graded group Gr(piS∗ ) obtained from a filtration (which we will describe explicitly in
Section 5)
· · · ⊆ F kpiS∗ ⊆ F k−1piS∗ ⊆ · · · ⊆ F 0piS∗ = piS∗ .
If n is positive, then F 1piSn = pi
S
n . It is known that the e-invariant factors as e :
F 1piSn/F
2piSn → R/Z and can be non-trivial only if n is odd. Hence, if n > 0 is even,
then piSn = F
2piSn . The main goal of the present paper is to give analytic and topological
constructions of invariants
ηan, ηtop : F 2piSn/F
3piSn → ???
which are similar in spirit to the two constructions of the e-invariant above. The main
result is the equality ηan = ηtop (Theorem 4.2) which is the higher analog of (5). It will
turn out that the group denoted here by ??? is quite a bit more complicated than R/Z;
it first appears in the right-hand side of (17).
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3 Modular Dirac operators and ηan
We fix a number 4 ≤ N ∈ N and a primitive root of unity ζN . We consider the group
Γ := Γ1(N) := {
(
a b
c d
)
|a, d ≡ 1(N) , c ≡ 0(N)} ⊂ SL(2,Z) .
By EΓC we denote the ring of modular forms for Γ. Note that the group Γ acts on the
upper half plane H = {z ∈ C | Im(z) > 0} by fractional linear transformations. The
quotient M := Γ\H parameterizes elliptic curves with a distinguished point of order N .
There is a universal elliptic curve u : E →M with zero section e :M→ E . The pull-back
of the vertical bundle ω¯ := e∗Tu is a holomorphic line bundle which satisfies ω¯2 = T ∗M
(Kodaira-Spencer). Its lift ω to the upper half plane therefore is a Γ-equivariant square
root of the canonical bundle T ∗H. A modular form of weight k ∈ Z for the group Γ is a
holomorphic section of ωk which is Γ-invariant and of moderate growth in the cusps. The
ring EΓC is non- negatively graded by the weight and of finite type, i.e. dim(E
Γ
C,k) <∞ for
all k ≥ 0. If one trivializes the bundle ωk by (dz)k/2, then one identifies modular forms
with functions on H. If we use the coordinate q = e2piiτ , τ ∈ H, then a modular form
φ ∈ EΓC has a Fourier expansion φ(q) =
∑
n≥0 anq
n. Following conventions in topology,
we will write EΓC,2k for the space of modular forms of weight k.
Definition 3.1 We consider the ring
NZ := Z[
1
N
, ζN ]
and call a modular form φ ∈ EΓC,2k of weight k integral, if the coefficients in the expansion
φ(q) =
∑
n≥0 anq
n belong to NZ. We let EΓ ⊆ EΓC denote the graded subring of integral
modular forms.
We consider the power series in q and x, c.f. [HBJ92, page 175]
Qy(x)(q) :=
x
1− e−x (1 + ye
−x)
∞∏
n=1
1 + yqne−x
1− qne−x
1 + y−1qnex
1− qnex .
We further define
a(q) := Q−ζN (0)(q)
−1
and
φ(x)(q) := a(q)Q−ζN (x)(q). (7)
Then the following is known from the classical theory of theta-functions:
8
Lemma 3.2 If we expand
φ(x)(q) =
∑
n≥0
φn(q)x
n (8)
then φn(q) is the q-expansion of a modular form φn ∈ EΓC,2n of weight n. Moreover, φ0 = 1.
Let nowM be an almost complex manifold of real dimension 2n. If we choose a hermitean
metric and a connection ∇TM preserving the almost complex structure and the metric
then we can define the element
φ(∇TM) := det(φ(R
TM
2pii
)) ∈ Ω(M)⊗ EΓC .
More precisely, we write
n∏
i=1
φ(xi)(q) =
∑
n≥0
Kn(σ1, . . . , σn)ψn(q) ,
where Kn is homogeneous of total degree n and ψn ∈ EΓC,2n is a homogeneous polynomial
of total degree n in the modular forms φk appearing in (8). The σi := σi(x1, . . . , xn)
denote the elementary symmetric functions. In terms of the Chern forms ci(∇TM) we
have
φ(∇TM)2k = Kk(c1(∇TM), . . . , , cn(∇TM))ψk ∈ Ω2k(M)⊗ EΓC,2k . (9)
We now replace the Todd form in (1) by φ(∇TM) and get the modular form
φ(M) :=
∫
M
φ(∇TM) ∈ EΓC,2n . (10)
It again follows from an index theorem that this modular form is integral:
Lemma 3.3 We have
φ(M) =
∫
M
φ(∇TM) ∈ EΓ2n .
Proof. We use the following calculus of power series with coefficients in the semigroup of
vector bundles on M . For a complex vector bundle V →M we consider the power series
ΛtV :=
dimV∑
i=0
ΛiV ti , StW :=
∞∑
i=0
SiV ti ,
where Λi (resp. Si) denotes the ith exterior (resp. symmetric) power. If the xi denote the
formal Chern roots of V 1, then we have
chΛtV =
∏
i
(1 + texi) , chStV =
∏
i
(1− texi)−1 .
1The precise meaning of formal Chern roots is the following. One forms the bundle pi : F (V ) → M
of complete flags in V . The pull-back by pi induces an injection pi∗ : H∗(M ;Z) ↪→ H∗(F (V );Z). The
pull-back pi∗V has a canonical decomposition pi∗V ∼= ⊕dim(V )i=1 Li as a sum of line bundles, and xi :=
c1(Li) ∈ H2(F (V );Z). The elementary symmetric functions in the Chern roots are the pull-backs of
the Chern classes of V , i.e. σi(x1, . . . , xn) = pi∗ci(V ). To be precise, the following formulas have to be
interpreted in H∗(F (V );Q)
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Furthermore we have Td(V ) :=
∏
i
xi
1−e−xi . It follows that
∏
i
Qy(xi) = Td(V ) ch
[
ΛyV
∗
∞∏
n=1
ΛqnyV
∗ Λqny−1V Sqn(V + V
∗)
]
.
We form the formal power series in q
C(V )(q) := a(q)dim(V )Λ−ζN (V
∗)
∞∏
n=1
Λ−ζN qn(V
∗)Λ−ζ−1N q(V )Sqn(V ⊕ V
∗) (11)
with coefficients in the semigroup of vector bundles and NZ, i.e.
C(V )(q) =
∑
n≥0
Wncnq
n , (12)
where Wn → M is some vector bundle on M functorially derived from V (i.e. a combi-
nation of alternating and symmetric powers), and cn ∈ NZ. A metric and a compatible
connection on V naturally induces a metric and a compatible connection on all the coef-
ficient bundles Wn. Taking the Chern forms we get the formal power series
ch(∇C(V )(q)) :=
∑
n≥0
ch(∇Wn)cnqn .
In view of the definition (7) we see that
φ(∇TM)(q) = Td(∇TM) ∧ ch(∇C(TM)(q)) =
∑
n≥0
Td(∇TM) ∧ ch(∇Wn)cnqn .
A hermitean vector bundle with a compatible connection (W,∇W ) can be used to form
the twisted Dirac operator 6DM ⊗W . The formal power series
6DM ⊗ C(V )(q) :=
∑
n≥0
cnq
n 6DM ⊗Wn
of twisted Dirac operators is the modular Dirac operator alerted to in the title. The
Atiyah-Singer index theorem gives
index(6DM ⊗Wn) =
∫
M
Td(∇TM) ∧ ch(∇Wn) ∈ Z .
This implies that the expansion∫
M
φ(∇TM)(q) =
∑
n≥0
cnq
nindex(6DM ⊗Wn)
10
has coefficients in NZ, and we conclude that
φ(M) =
∫
M
φ(∇TM) ∈ EΓ2n .
2
By construction we have φ(M0∪M1) = φ(M0)+φ(M1). For a productM0×M1 we choose
the product connection on pr∗0TM0 ⊕ pr∗1TM1. Then we have
φ(∇T (M0×M1)) = pr∗0φ(∇TM0) ∧ pr∗1φ(∇TM1) .
This implies that φ(M0 ×M1) = φ(M0)φ(M1). Finally, if M is zero-bordant as a stably
almost complex manifold, then φ(M) = 0 by Stokes’ theorem. We therefore obtain a
homomorphism of graded rings φ :MU∗ → EΓ∗ .
Definition 3.4 The ring homomorphism φ : MU∗ → EΓ∗ is called the complex elliptic
genus of level N .
Since Td(∇LC,L) is cohomologous to Td(∇TM) we can write
φ(M) =
∫
M
φ(∇TM) =
∫
M
Td(∇LC,L) ∧ ch(∇C(TM)) .
Let us now assume that M has a boundary N . We will choose the metric on M with
a product structure. The expression
∫
M
Td(∇LC,L) ∧ ch(∇C(TM)) now gives an inhomo-
geneous element in ⊕n≥0EΓC,2n. In order to define a homogeneous element containing the
term Td(∇LC,L), which is important since we want to apply local index theory, we first
observe (see (9)) that
[Td(∇TM) ∧ ch(∇C(TM))]2n ∈ Ω(M)2n ⊗ EΓC,2n .
Using Stoke’s theorem we write∫
M
Td(∇TM) ∧ ch(∇C(TM)) =
∫
M
Td(∇LC,L) ∧ ch(∇C(TM))
+
∫
M
dT˜d(∇TM ,∇LC,L) ∧ ch(∇C(TM))
=
∫
M
Td(∇LC,L) ∧ ch(∇C(TM))
+
∫
N
T˜d(∇TM ,∇LC,L) ∧ ch(∇C(TM))
∈ EΓC,2n , (13)
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where T˜d(∇TM ,∇LC,L) is the transgression of the Todd form satisfying
dT˜d(∇TM ,∇LC,L) = Td(∇TM)−Td(∇LC,L) .
We again apply the Atiyah-Patodi-Singer index theorem to the twisted operators 6DM ⊗
Wn: The sum ∫
M
Td(∇LC,L) ∧ ch(∇Wn) + η(6DN ⊗Wn|N)
is an index and therefore an integer. Let us write
η(6DN ⊗ C(TM|N)(q)) :=
∑
n≥0
cnq
nη(6DN ⊗Wn|N) ∈ C[[q]] . (14)
Then we have∫
M
Td(∇LC,L) ∧ ch(∇C(TM)(q)) + η(6DN ⊗ C(TM|N)(q)) ∈ NZ[[q]] .
Therefore the Atiyah-Patodi-Singer theorem implies that∫
N
T˜d(∇TM ,∇LC,L)∧ch(∇C(TM)(q))−η(6DN⊗C(TM|N)(q)) ∈ EΓC,2n[[q]]+NZ[[q]] , (15)
where
EΓC,2n[[q]] ⊆ C[[q]]
denotes the finite-dimensional subspace of q-expansions of elements of EΓC,2n. If V → N
is a trivial bundle with the trivial connection and C(V )(q) =
∑
n≥0 cnq
nWn, then Wn is
trivial and η(6DN ⊗Wn|N) = dim(Wn)η(6DN). Because of our normalization (7) we have∑
n≥0
cnq
n dim(Wn) = 1 .
We conclude that for trivial V
η(6DN ⊗ C(V )(q)) = η(6DN) . (16)
Similarly, ∫
N
T˜d(∇TN ,∇LC,L) ∧ ch(∇C(V )(q)) =
∫
N
T˜d(∇TN ,∇LC,L) .
Hence we have∫
N
T˜d(∇TN ,∇LC,L) ∧ ch(∇C(V )(q))− η(6DN ⊗ C(V )(q)) ∈ C ⊂ C[[q]] .
If we assume that N is framed and that the almost complex structure and the connection
on TM are compatible with the framing, then∫
M
Td(∇LC,L) ∧ ch(∇C(V )(q)) ∈ (EΓC,2n[[q]] + C) ∩ NZ[[q]] .
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Let us now consider the 2n − 1-dimensional manifold N with a stable almost com-
plex structure as the primary object. After choosing a Riemannian metric and a Spinc-
connection we can define∫
N
T˜d(∇TNs ,∇LC,L) ∧ ch(∇C(TNs)(q))− η(6DN ⊗ C(TN s)(q)) ∈ C[[q]] ,
where TN s ∼= TN ⊕ (N × Rk) denotes a stabilization of TN which carries the almost
complex structure and a complex connection ∇TN . The class
[
∫
N
T˜d(∇TN ,∇LC,L) ∧ ch(∇C(TN)(q))− η(6DN ⊗ C(TN s)(q))] ∈ C[[q]]/C
is invariant under further stabilization, i.e., under replacing TN s by TN s ⊕ (N × Cl)
(where the second summand has the trivial connection).
Now observe that the bordism groups MU∗ of stably almost complex manifolds are
concentrated in even degrees. Therefore MU2n−1 = 0, and N admits a zero bordism M
with a stable almost complex structure. The discussion above implies that
0 = [
∫
N
T˜d(∇TN ,∇LC,L)∧ch(∇C(TN)(q))−η(6DN⊗C(TN s)(q))] ∈
C[[q]]
EΓC,2n[[q]] +
NZ[[q]] + C
.
(17)
From the point of view of the spectral theory on N , this fact is completely mysterious.
This equation is the higher analog of the relation
0 = [
∫
TM
Td(∇TM)] ∈ R/Z
in the even-dimensional case. If N has a boundary, then the equality (17) is no longer
true in general, and this defect is the principal topic of the present paper.
We now introduce one of the main objects of our investigations, namely an invariant
ηan(Z) of a framed manifold Z of positive even dimension. The construction of this in-
variant in full generality is somewhat technical and is deferred to Section 8. The suspicious
reader will have to skip ahead to Section 8 now since we will use ηan(Z) in the following.
For the time being, we content ourselves with giving the construction in a special case
which reveals all the essential features.
In the above situation, we now consider the case that N has a boundary Z := ∂N such
that TN s|Z is framed, and the almost complex structure is compatible with this framing.
Furthermore we assume that the Riemannian metric gN has a product structure near Z.
For simplicity let us assume here that 6DZ is invertible. This assumption will be dropped
later in the technical Section 8 using the notion of a taming. The restrictions Wn|Z are
now trivialized so that 6DZ ⊗Wn|Z is invertible for all n ≥ 0. In this case, using global
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Atiyah-Patodi-Singer boundary conditions, we get a selfadjoint extension of 6DN⊗Wn and
we can define the η-invariant η(6DN ⊗Wn) ∈ R and therefore
η(6DN ⊗ C(TN s)(q)) ∈ C[[q]] .
Using an extension of the Atiyah-Patodi-Singer index theorem to manifolds with corners
[Bun] we will show the following theorem.
Theorem 3.5 In the above situation, the element
ηan(Z) := [
∫
N
T˜d(∇TN ,∇LC,L) ∧ ch(∇C(TN)(q))− η((6DN ⊗ C(TN s)(q)))]
∈ C[[q]]
EΓC,2n[[q]] +
NZ[[q]] + C
=: U q2n
only depends on the framed bordism class of Z and defines a homomorphism
ηan : piS2n−2 = F
2piS2n−2 →
C[[q]]
EΓC,2n[[q]] +
NZ[[q]] + C
with ker(ηan) ⊆ F 3piS2n−2 + F 2piS2n−2[N∞], where for an abelian group A we write as usual
A[N∞] := {a ∈ A |{∃k ∈ N|Nka = 0}}
4 A topological invariant ηtop and the index theorem
While the first two Sections were written in the language differential geometry, in this
Section we use ideas from stable homotopy theory.
Let MU denote the spectrum which represents the complex bordism homology theory.
It is a ring spectrum with a unit  : S → MU , where S is the sphere spectrum which
represents the framed bordism homology theory. We define the spectrum MU as the
cofiber in the fiber sequence
S
→MU →MU .
A stable homotopy class α ∈ piSm, m > 0, is a homotopy class of maps of spectra
α : ΣmS → S, where ΣmS is the m-fold suspension of the sphere spectrum. It fits into
the following diagram.
Σ−1MU

Σ−1MU

ΣmS
αˆ
5=
%%
α // S


MU
. (18)
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Since piSm is finite andMUm is torsion free the dotted arrow ◦α is zero-homotopic. Hence
we get a lift αˆ ∈ MUm+1 which is well-defined up to the image of MUm+1 → MUm+1.
Let us now assume that m is even and positive. Then MUm+1 = 0 so that αˆ is actually
unique. Furthermore, MUm+1 is a finite group isomorphic to pi
S
m.
Since Q is a flat abelian group the association X 7→MUQ,∗(X) :=MU∗(X)⊗Q is again
a homology theory. We let MUQ denote a spectrum representing MUQ,∗(. . . ). We have
a natural homotopy class of maps MU →MUQ and define MUQ/Z as the cofiber in
MU →MUQ →MUQ/Z .
We now consider the diagram
Σ−2MUQ

Σ−2MUQ/Z

ΣmS
α˜Q/Z
5=
&&
αˆ // Σ−1MU

Σ−1MUQ
. (19)
Since αˆ is a torsion element the dotted arrow is zero homotopic, and we can choose a
lift α˜Q/Z ∈ MUQ/Z,m+2. This element is well-defined up to the image of σ : MUQ,m+2 →
MUQ/Z,m+2.
We use the MU∗-module structure on EΓ∗ given by the elliptic genus φ :MU∗ → EΓ∗ (see
3.4) in order to define the functor
X 7→ EΓ∗ (X) :=MU∗(X)⊗MU∗ EΓ∗ (20)
from spaces to graded rings. The ring EΓ∗ is not flat over MU∗, but it is Landweber
exact, [Fra92, Theorem 6], we use the ring NZ where N is inverted in order to ensure
this property. Landweber exactness implies that EΓ∗ (. . . ) is a homology theory and is
represented by a spectrum EΓ. The transformation κ :MU∗(X)→ EΓ∗ (X), x 7→ x⊗ 1, is
represented by a morphism of ring-spectra κ :MU → EΓ.
We need yet another homology theory called Tate homology, we refer the reader to
[AHS01, Sections 2.5 and 2.6] for more details.
The underlying group-valued functor is given by
X 7→ T∗(X) := K∗(X)⊗Z NZ[[q]]
(this is indeed a homology theory since NZ[[q]] is flat over Z), where K∗ is complex
K-homology. There is a natural transformation ν : MU∗(X) → T∗(X) which has the
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following geometric description. If the continuous map f : M → X from a closed almost
complex manifold M represents the class [f ] ∈MU∗(X), then
ν([f ]) = f∗([M ]K ∩ C(TM)) ,
where we consider the formal power series C(TM) (see (11)) as an element of K0(M)⊗
NZ[[q]], [M ]K is the K-theory fundamental class of M (induced by the Spinc-structure
determined by the almost complex structure), and
∩ : K∗(M)⊗ (K0(M)⊗ NZ[[q]])→ K∗(M)⊗ NZ[[q]] = T∗(M)
is the ∩-product between K-homology and K-theory.
As a multiplicative homology theory Tate homology is derived via the Landweber exact
functor theorem from the formal group law of the Tate elliptic curve over NZ[[q]]. This
formal group law is classified by the homomorphism ν : MU∗ → T∗ defined above in the
case X := ∗.
We let T denote a spectrum representing the Tate homology. We let ν : MU → T also
denote a map of spectra representing the above transformation. We now construct a map
γ : EΓ → T such that
MU
ν //
κ
""E
EE
EE
EE
E T
EΓ
γ
>>}}}}}}}}
commutes up to homotopy: We will construct the corresponding natural transformation
of homology theories. Note that T∗ is Landweber exact over MU∗ so that we have a
natural isomorphism
MU∗(X)⊗MU∗ T∗ ∼→ T∗(X)
induced by ν ⊗ 1. Therefore in view of (20), in order to define a natural transformation
of homology theories γ, we must only define a ring homomorphism γ : EΓ∗ → T∗ such that
γ ◦ κ = ν :MU∗ → T∗. The map
γ : EΓ2n → K2n ⊗ NZ[[q]] ∼= NZ[[q]]
which associates to the modular form φ ∈ EΓ2n its q-expansion φ(q) ∈ NZ[[q]] (and which
is zero in odd degrees) has this property.
The homology theories EΓ∗ and T∗ are multiplicative. We define the spectra E¯
Γ and T¯
again as the cofibers of the units
S → EΓ → E¯Γ , S → T → T¯ .
Furthermore, we consider spectra E¯ΓQ and T¯Q representing homology theories
E¯ΓQ,∗(X) = E¯
Γ
∗ (X)⊗Z Q , T¯Q,∗(X) = T¯∗(X)⊗Z Q
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and define E¯ΓQ/Z and T¯Q/Z as the cofibers
E¯Γ → E¯ΓQ → E¯ΓQ/Z , T¯ → T¯Q → T¯Q/Z .
We have the following diagram
T¯ ∧K q // T¯Q ∧K
E¯ ∧K //
γ¯∧id
OO
E¯ΓQ ∧K
γ¯Q∧id
OO
MU ∧MU //
κ¯∧θ
OO
MUQ ∧MU //
κ¯Q∧θ
OO
MUQ/Z ∧MU // ΣMU ∧MU
MUQ
pi //
id∧
OO
MUQ/Z //
id∧
OO
ΣMU
OO
id∧
OO
Σm+2S,
η
CC
η¯
XX
Σ2α˜Q/Z
OO
Σ2αˆ
66
(21)
where θ :MU → K is the complex orientation of K-theory.
Let us explain the construction of the maps κ¯Q and γ¯Q. First of all, κ : MU → EΓ fits
into
S //MU
κ

//MU
κ¯

δ // ΣS
S // EΓ // E¯Γ
δ′ // ΣS.
(22)
The stable homotopy category is triangulated, and the horizontal lines are distinguished
triangles. It follows from the general properties of a triangulated category that a map κ¯
which fills this diagram exists. It is unique up to homotopy as we now show: Assume
κ¯′ is a second lift and consider ν := κ¯ − κ¯′. Then there exists an α : ΣS → E¯Γ such
that ν = α ◦ δ. Since EΓ1 = 0 (EΓ is even) the canonical map [ΣS, E¯Γ] → [ΣS,ΣS] ∼= Z
is bijective. We write n := δ′ ◦ α ∈ Z. Since the right square in (22) commutes we get
0 = δ′ ◦ ν = δ′ ◦ α ◦ δ = nδ. We claim that this implies n = 0. If so, we see that α factors
through some ΣS → EΓ, hence α = 0 (since EΓ1 = 0) and ν = 0, as desired.
We show by contradiction that n = 0. Let us assume that n 6= 0. We first observe that
for all i 6= 0, 1 we have an exact sequence
0→ EΓi → E¯Γi δ→ Si−1 → 0
since EΓ∗ is torsion-free, and Sk is finite for k ≥ 1. On the other hand there exists i ≥ 2
and an element z ∈ Si−1 such that nz 6= 0, in fact, such an element can be found in the
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image of the J-homomorphism, c.f. [Rav86, Theorem 1.1.13]. Let zˆ ∈ E¯Γi be a preimage.
Then 0 6= nz = nδ(zˆ) = 0 is the desired contradiction.
The construction of γ¯ and γ¯Q is analogous. Let us now explain the construction of the
map η¯. We have α ∈ F 2piSm. This means that the lift αˆ ∈ MUm+1 belongs to the kernel
of the map
MUm+1
id∧→ (MU ∧MU)m+1 ,
or equivalently, that is admits a further lift α˜ in the Adams resolution (24) below. Hence
there exists a lift η¯ ∈ (MUQ ∧ MU)m+2 which is unique up to the image of (MU ∧
MU)m+2 → (MUQ ∧MU)m+2. If we fix the choice of α˜Q/Z, then the composition
η := (γ¯Q ∧ id) ◦ (κ¯Q ∧ θ) ◦ η¯ ∈ (T¯Q ∧K)m+2
is well-defined up to elements in the image of
(MU ∧MU)m+2 → (E¯ ∧K)m+2 → (T¯Q ∧K)m+2 .
When we incorporate the indeterminacy of α˜Q/Z, then the class
ηˆ(α) ∈ (T¯Q ∧K)m+2
q ◦ (γ¯ ∧ id)(E¯ ∧K)m+2 + ((γ¯Q ∧ id) ◦ (κ¯Q ∧ θ) ◦ (id ∧ ))(MUQ,m+2)
(23)
represented by η is well-defined, i.e. it depends only on α ∈ piSm.
We now calculate the group on the right-hand side of (23). First of all T¯Q,∗ is concentrated
in even degrees and we have
T¯Q,0 ∼=
NZ[[q]]⊗Q
Q(ζN)
, T¯Q,2m ∼= NZ[[q]]⊗Q ,m 6= 0
This gives
(T¯Q ∧K)m+2 ∼=
NZ[[q0]]⊗Q
Q(ζN)
⊕
⊕
2s+2r=m+2 ,s 6=0
NZ[[qs]]⊗Q .
By [Lau99, Sec. 2.3] the image of q ◦ (γ¯ ∧ id) : (E¯ ∧K)m+2 → (T¯Q ∧K)m+2 is contained
in the subgroup
NZ[[q0]]
NZ
⊕
⊕
2s+2r=m+2,s 6=0
NZ[[qs]] .
Finally, ((γ¯Q ∧ id) ◦ (κ¯Q ∧ θ) ◦ (id∧ ))(MUQ,m+2) is contained in the image of E¯ΓQ,m+2 →
(T¯Q∧K)m+2 which is the subspace of q0-expansions EΓQ,m+2[[q0]] of rational modular forms
of weight m+ 2. Therefore we have constructed a well-defined invariant
ηˆtop(α) ∈
NZ[[q0]]⊗Q
Q(ζN ) ⊕
⊕
2s+2r=m+2,s 6=0
NZ[[qs]]⊗Q
NZ[[q0]]
NZ ⊕
⊕
2s+2r=m+2,s 6=0
NZ[[qs]] + EΓQ,m+2[[q0]]
.
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The natural map EΓQ,m+2 → EΓC,m+2 = EΓQ,m+2 ⊗Q C and the identification of all qs with a
single variable q induce a natural map
NZ[[q0]]⊗Q
Q(ζN ) ⊕
⊕
2s+2r=m+2,s 6=0
NZ[[qs]]⊗Q
NZ[[q0]]
NZ ⊕
⊕
2s+2r=m+2,s 6=0
NZ[[qs]] + EΓQ,m+2[[q0]]
→ C[[q]]
NZ[[q]] + EΓC,m+2[[q]] + C
= U qm+2
to the target of ηan.
Definition 4.1 For m > 0 even, we let
ηtop : piSm →
C[[q]]
EΓC,m+2[[q]] +
NZ[[q]] + C
be the homomorphism induced by −ηˆtop (sic !) such that ηtop(α) ∈ U qm+2 is the class
represented by −ηˆtop(α).
We can now state our index theorem:
Theorem 4.2 For even m > 0 we have an equality of homomorphisms
ηan = ηtop : piSm = F
2piSm →
C[[q]]
EΓC,m+2[[q]] +
NZ[[q]] + C
with kernel contained in F 3piSm + F
2piSm[N
∞].
This result will be proven in Section 8 as Theorem 8.7.
5 The f-invariant
Let us recall the construction of the canonical MU -based Adams resolution of the sphere
spectrum S, c.f. [Rav86, Chapter 2,2], i.e. the following diagram.
...
...
Σ−1MU ∧ Σ−1MU ∧ Σ−1MU //

Σ−1MU ∧ Σ−1MU ∧ Σ−1MU ∧MU
Σ−1MU ∧ Σ−1MU id∧id∧ //

Σ−1MU ∧ Σ−1MU ∧MU
ll
Σ−1MU
id∧ //

Σ−1MU ∧MU
δ
ll
ΣmS
α //
αˆ
44jjjjjjjjj
α˜
::u
u
u
u
u
u
u
u
u
u
u
u
S
 //MU
ll
.
(24)
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The horizontal arrows are induced by the unit  : S → MU , and the triangles are fiber
sequences. It follows from the construction of the Adams-Novikov spectral sequence that
a class α : ΣmS → S belongs, for example, to F 2piSm, if and only if it admits a lift
α˜ : ΣmS → Σ−1MU ∧ Σ−1MU
as indicated (a similar assertion holds true for all steps of the filtration). We now assume
that m > 0 is even which implies that α ∈ F 2piSm. We have already seen in (18) that the
first lift αˆ is unique up to homotopy. Therefore the lift α˜ is determined up to the image
of δ : (MU ∧MU)m+1 → (MU ∧MU)m+2. The composition (in order to simplify the
notation we shift by two)
Σm+2S
α˜→MU ∧MU κ¯∧κ¯→ E¯Γ ∧ E¯Γ → E¯ΓQ ∧ E¯ΓQ (25)
is a class in
(E¯ΓQ ∧ E¯ΓQ)m+2 =
(EΓQ ⊗ EΓQ)m+2
EΓQ,m+2 ⊗Q+Q⊗ EΓQ,m+2
.
It was shown in [Lau99, Theorem 2.3.1], that if α˜ is in the image of δ, then it gives rise
to a class in
EΓm+2E
Γ + EΓQ,m+2 ⊗Q+Q⊗ EΓQ,m+2 ⊆ (EΓQ ⊗ EΓQ)m+2
(more precisely, EΓm+2E
Γ denotes the natural image of this group in (EΓQ⊗EΓQ)m+2 under
EΓ∗E
Γ → EΓ∗EΓ ⊗Q ∼= EΓQ ⊗ EΓQ ).
We have thus defined a map sending α to the composition in (25)
fQ : F
2piSm →
(EΓQ ⊗ EΓQ)m+2
EΓm+2E
Γ + EΓQ,m+2 ⊗Q+Q⊗ EΓQ,m+2
=: VQ,m+2. (26)
This version of the f -invariant is already a derived one. The universal f -invariant is
given by the natural map, well-known to be injective,
funiv : F
2piSm/F
3piSm ↪→ E2,m+22,MU = Ext2,m+2MU∗MU(MU∗,MU∗) ,
where the target is a component of the E2-term of theMU -based Adams spectral sequence
(6). Since κ :MU → EΓ is Landweber exact of height two, the induced map
κ : Ext2,m+2MU∗MU(MU∗,MU∗)→ Ext2,m+2EΓ∗EΓ (E
Γ
∗ , E
Γ
∗ )
is injective after inverting N . Furthermore, there is an injective map
ι : Ext2,m+2
EΓ∗EΓ
(EΓ∗ , E
Γ
∗ )→ VQ,m+2,
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c.f. [HN07, Section 2.3] for both assertions. The relation between the f -invariant and the
universal f -invariant is now given by
fQ = ι ◦ κ ◦ funiv .
We conclude that fQ factors over the quotient F
2piSm → F 2piSm/F 3piSm, and since ι ◦ κ is
injective after inverting N , fQ induces an injection
fQ : (F
2piSm/F
3piSm)⊗Z Z[ 1N ] 
 // VQ,m+2.
The theory developed in [Lau00] attaches a geometric meaning to the choice of α˜. If we
represent α by a framed m-manifold Z, then the choice of α˜ corresponds to the choice
of the following data (here TZ, TY , etc. denote representatives of the stable tangent
bundle) which exist according to [Lau00]:
1. a decomposition TZ ∼= T 0Z ⊕ T 1Z of framed bundles
2. compact manifolds Y0, Y1 with boundary ∂Y0 ∼= Z ∼= −∂Y1.
3. decompositions TYi ∼= T 0Yi ⊕ T 1Yi together with complex structures on T iYi and
framings on T 1−iYi such that:
4. The inclusion Z ↪→ Yi identifies (T 1Y0)|Z ∼= T 1Z and (T 0Y1)|Z ∼= T 0Z as framed
bundles, and (T 0Y0)|Z ∼= T 0Z and (T 1Y1)|Z ∼= T 1Z as complex bundles.
5. a manifold with corners X such that ∂0X ∼= Y0 and ∂1X ∼= Y1.
6. a decomposition TX ∼= T 0X ⊕ T 1X of complex bundles such that:
7. The inclusions Yi ↪→ X identify T 0X|Y0 ∼= T 0Y0, T 1X|Y1 ∼= T 1Y1, T 1X|Y0 ∼= T 1Y0 and
T 0X|Y1 ∼= T 0Y1 as complex bundles.
These data refine Z into a representative of a class
[Z] ∈ Ω(U,fr)2n+2
in the language of [Lau00]. Let us call this collection of data a < 2 >-manifold which
extends the framed manifold Z. The collection of 1.- 3. (i.e. forgetting X and related
structure) will be called a ∂ < 2 >-manifold which extends Z. Finally, X will then be
called a < 2 >-manifold which extends the ∂ < 2 >-manifold data.
We choose hermitean metrics on T iX and metric connections ∇T iX which preserve the
complex structures and coincide with the trivial connection induced by the framing when
restricted to Y1−i. Recall the definition of C(V )(q) in (11). We define
Fˆ (X) :=
∫
X
Td(∇TX) ∧ ch(∇C(T 0X)(p)) ∧ ch(∇C(T 1X)(q)) ∈ C[[p, q]] .
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A priori, this is an element in C[[p, q]], but because of Lemma 3.2 we actually have (recall
that dim(X) = m+ 2)
Fˆ (X) ∈ (EΓC ⊗C EΓC)m+2[[p, q]] ⊆ C[[p, q]] .
We define
Vm+2 :=
(EΓC ⊗ EΓC)m+2
EΓm+2E
Γ + EΓC,m+2 ⊗ C+ C⊗ EΓC,m+2
and let F (X) ∈ Vm+2 be the class represented by Fˆ (X). It is shown in [Lau00] that
the class F (X) is the image of the f -invariant fQ(Z) of the corner Z under the inclusion
VQ,m+2 ↪→ Vm+2. It thus only depends on the framed bordism class of Z.
We now consider the quotient
WQ,m+2 :=
Q(ζN)[[p, q]]
NZ[[p, q]] + EΓQ,m+2[[q]] + EΓQ,m+2[[p]] +Q(ζN)
.
Since the p, q-expansion maps (c.f. [Lau99, Section 2.3]) EΓm+2E
Γ to NZ[[p, q]] it induces
a natural map
iQ : VQ,m+2 → WQ,m+2 .
Lemma 5.1 The composition
iQ ◦ fQ : (F 2piSm/F 3piSm)⊗Z Z[ 1N ] 
 //WQ,m+2
is injective.
Proof. This proof is based on [Lau99, Lemma 3.2.2]. We consider α ∈ F 2piSm/F 3piSm and
assume that iQ(fQ(α)) = 0. Note that
E2,m+2
2,EΓ
:= Ext2,m+2
EΓ∗EΓ
(EΓ∗ , E
Γ
∗ )
is a component of the E2-term of the E
Γ -based Adams-Novikov spectral sequence. For
α ∈ F 2piSm we have κ(funiv(α)) ∈ E2,m+22,EΓ . Let Φ ∈ (EΓQ ⊗ EΓQ)m+2 be a representative
of the image of this cycle under ι. By assumption there are u, v ∈ EΓQ,m+2, c ∈ Q(ζN)
and z ∈ NZ[[p, q]] such that Φ(p, q) = z(p, q) + u(p) + v(q) + c. Let us write Φ(p, q) =∑
i,j≥0Φijp
iqj, z(p, q) =
∑
i,j≥0 zijp
iqj, and u(p) =
∑
i≥0 uip
i. Then, setting p = 0 above,
we conclude that∑
j≥0
Φ0jq
j =
∑
j≥0
z0,jq
j + v(q) + u0 + c ∈ EΓQ,m+2[[q]] +Q(ζN) + NZ[[q]] .
By [Lau99, Lemma 3.2.2, (iv)⇒(ii)] we have
Φ(p, q) ∈ EΓQ,m+2[[p]] + EΓQ,m+2[[q]] + NZ[[p, q]] ,
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and hence that ι(κ(funiv(α))) = 0. From the injectivity of ι ◦ κ ◦ funiv we conclude that
α = 0. 2
Let us finally define
Wm+2 :=
C[[p, q]]
NZ[[p, q]] + EΓC,m+2[[q]] + EΓC,m+2[[p]] + C
(27)
and consider the obvious injection j : WQ,m+2 → Wm+2 and the natural map i : Vm+2 →
Wm+2 given by the (p, q)-expansion. Then i(F (X)) = j(i
Q(fQ(α))). The upshot of this
discussion is the commutative diagram
F 2piSm/F
3piSm
F

f 33
fQ
<
<<
<<
<<
<<
<<
<<
<<
<<
<<
<
funiv // E2,m+22,MU
κ

E2,m+2
2,EΓ
ι

VQ,m+2
iQ

// Vm+2
i

WQ,m+2
j //Wm+2,
(28)
where f := j ◦ iQ ◦ fQ is injective after inverting N .
Definition 5.2 We will call the map f : F 2piSm/F
3piSm → Wm+2 the f -invariant.
This map will be the basic object linking the analytical and topological indices ηan and
ηtop defined in 4.1 and 3.5.
6 The relation between ηan and f
In this Section we will show that the image of the f -invariant is contained in a very small
subgroup of Wm+2 and closely related to the analytic invariant η
an. To this end we will
use an Atiyah-Patodi-Singer type index theorem for manifolds with corners in a version
which has been developed in [Bun].
We resume notations and assumptions as in Section 5. We choose a Riemannian metric
gTX on X which is compatible with the corner structure. More precisely we assume that
it is admissible in the sense of [Bun], i.e. that we assume product structures near the
boundary components Y0, Y1 which meet with a right angle at the corner Y0 ∩ Y1 = Z.
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The admissible Riemannian metric on X gives rise to a Levi-Civita connection ∇LC . We
further choose an extension ∇LC,L of the Levi-Civita connection to a Spinc-connection.
From now on we will distinguish the tangent bundle TX from its stabilization TXs ∼=
TX ⊕ (X × Rr). We will further assume a metric on TXs such that the decomposition
TXs ∼= T 0X⊕T 1X is orthogonal, the complex structures on T iX are anti-selfadjoint, and
such that that the induced metric on T iX|Y1−i is the metric given by the framing. Finally
we assume a connection ∇T iX which preserves the splitting, the metric and the complex
structure and restricts to the trivial connections on T iX|Y1−i . Note that the Levi-Civita
connection can be extended by the trivial connection to a connection ∇LC,X on TXs
(which of course does not necessarily preserve the splitting or the complex structure).
We abbreviate
W (p, q) := ch(∇C(T 0X)(p)) ∧ ch(∇C(T 1X)(q)) ∈ Ω(X)⊗ EΓC[[p]]⊗ EΓC[[q]] ⊂ Ω(X)[[p, q]] .
In the first step we replace Td(∇TX) by Td(∇LC,L). By Stoke’s theorem we have
Fˆ (X) =
∫
X
Td(∇T 0X) ∧Td(∇T 1X) ∧W (p, q)
=
∫
X
Td(∇LC,L)W (p, q) +
∫
X
dT˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q)
=
∫
X
Td(∇LC,L)W (p, q) +
∫
Y
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q) , (29)
where Y := Y0∪Y1, and T˜d(∇T 0X⊕∇T 1X ,∇LC,L) is the transgression Todd form satisfying
dT˜d(∇T 0X ⊕∇T 1X ,∇LC,L) = Td(∇T 0X ⊕∇T 1X)−Td(∇LC,L) .
We can further write∫
Y
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q) =
∫
Y0
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q)
+
∫
Y1
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q) .
Since ∇T iX|Y1−i is trivial we have ch(∇C(T
iX)(p))|Y1−i = 1 and therefore
W (p, q)|Y0 ∈ EΓC[[p]]⊗ Ω(Y0) , W (p, q)|Y1 ∈ EΓC[[q]]⊗ Ω(Y1).
Hence ∫
Y0
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q) ∈ C[[p]] (30)∫
Y1
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q) ∈ C[[q]] .
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Note that Fˆ (X) ∈ (EΓC⊗EΓC)m+2[[p, q]] while the two terms on the right-hand side of (29)
separately are inhomogeneous elements of EΓC ⊗ EΓC.
We now can use the index theorem in order to express F (X) in terms of the ∂ < 2 >-
manifold Y . We assume that m := dim(Z) > 0 is even. We will ultimately look at the
index of the twisted Dirac operator
6DX ⊗ C(T 0X)(p)⊗ C(T 1X)(q) .
In order to turn this operator on a manifold with corners into a Fredholm operator we will
choose a boundary taming. Here we use the language introduced in [Bun]. The idea is to
attach cylinders to all boundary components and to complete the corner by a quadrant so
that we get a complete manifold with a Dirac type operator which is translation invariant
at infinity. In order to turn this operator into a Fredholm operator we add smoothing
perturbations to the operators on the boundary and corner faces to make them invertible.
The notion of a boundary taming subsumes these choices.
In general there are obstructions to choosing a boundary taming but in the present case
boundary tamings exist:
First of all, the operator 6DZ bounds (actually in two ways through Yi, i = 0, 1), and
therefore index(6DZ) = 0. Hence it admits a taming 6DZ,t. Since
[C(T 0X)(p)⊗ C(T 1X)(q)]|Z
is a power series of trivial bundles we get an induced taming of
6DZ,t ⊗ C(T 0X)(p)⊗ C(T 1X)(q) .
We interpret this choice as boundary tamings
(6DYi ⊗ C(T 0X)(p)⊗ C(T 1X)(q))bt
of the faces Yi. We can now extend these boundary tamings to tamings of the faces
(6DYi ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t
since the manifolds Yi are odd-dimensional. These choices make up the boundary taming
(6DX ⊗ C(T 0X)(p)⊗ C(T 1X)(q))bt .
The index theorem for manifolds with corners [Bun] now gives∫
X
Td(∇LC,L)W (p, q)
+η((6DY0 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t)
+η((6DY1 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t)
= index((6DX ⊗ C(T 0X)(p)⊗ C(T 1X)(q))bt) (31)
∈ NZ[[p, q]] .
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If we combine (29) and (31), then we get an equality in Wm+2
f(X) (32)
=
∫
Y0
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q)− η((6DY0 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t) (33)
+
∫
Y1
T˜d(∇T 0X ⊕∇T 1X ,∇LC,L)W (p, q)− η((6DY1 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t) . (34)
Let us now consider the first term associated to Y0. Since T
1Y0 is trivial we see that
(DY0 ⊗ C(T 0X)(p) ⊗ C(T 1X)(q))bt is a sum of copies of ( 6DY0 ⊗ C(T 0X)(p))bt. We first
choose an extension of this boundary taming to a taming and then let (6DY0⊗C(T 0X)(p)⊗
C(T 1X)(q))t be the induced taming. With these choices we have
η((6DY0 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t) ∈ C[[p]] .
By a similar choice we ensure that
η((6DY1 ⊗ C(T 0X)(p)⊗ C(T 1X)(q))t) ∈ C[[q]] .
Using (32) we conclude that
Fˆ (X) ∈ (NZ[[p, q]] + C[[p]] + C[[q]]) ∩ (EΓC ⊗ EΓC)m+2[[p, q]] .
Let us consider the subgroup
Um+2 :=
C[[p]] + C[[q]]
NZ[[p]] + NZ[[q]] + EΓC,m+2[[p]] + EΓC,m+2[[q]] + C
⊂ Wm+2 .
We can split
Um+2 := U
p
m+2 ⊕ U qm+2
such that
Upm+2 :=
C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
, U qm+2 :=
C[[q]]
NZ[[q]] + EΓC,m+2[[q]] + C
.
These are exactly the groups where the analytical index ηan(Z) lives. We see that f(Z) =
i(F (X)) is represented by a pair
f˜(Y0)⊕ f˜(Y1) ∈ Upm+2 ⊕ U qm+2 ,
where
f˜(Y0) := [(33)] , f˜(Y1) := [(34)] ,
and the brackets [. . . ] mean that we take the classes of the formal power series in the
corresponding quotient U qm+2 or U
p
m+2, respectively.
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Using the fact that T 1Y0 is trivialized we can simplify the expression for f˜(Y0) further.
We get
f˜(Y0) = [
∫
Y0
T˜d(∇T 0Y0 ⊕∇T 1Y0 ,∇LC,L) ∧ ch(∇C(T 0Y0)(p))− η((6DY0 ⊗ C(T 0Y0)(p))t)]
= [
∫
Y0
T˜d(∇TY0 ,∇LC,L) ∧ ch(∇C(TY0)(p))− η((6DY0 ⊗ C(TY0)(p))t)]
= ηan(Z) .
In a similar way we get
f˜(Y1) = −ηan(Z) ,
where the sign arises since we orient Z as the boundary of Y0, and this orientation is
opposite to the orientation of Z as the boundary of Y1.
Combining the above, we obtain
f(Z) = ηan(Z)(p)⊕−ηan(Z)(q). (35)
The prescription q 7→ 0 induces a projection
pi :
C[[p, q]]
NZ[[p, q]] + EΓC,m+2[[q]] + EΓC,m+2[[p]] + C
→ C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
, (36)
i.e. a map pi : Wm+2 → Upm+2. We get ηan(Z)(p) = pi(f(Z)).
Proof. (of Theorem 3.5)
From the above we have a commutative diagram
F 2piSm/F
3piSm ⊗Z Z
[
1
N
] f //Wm+2 pi // U qm+2
F 2piSm
OO
ηan
33hhhhhhhhhhhhhhhhhhhhhhhhhhh
and the composition pi ◦ f is injective according to [Lau99, Lemma 3.2.2].
7 The relation between ηtop and f
Let m ≥ 2 be even and α ∈ piSm. Recall that f(α) ∈ Wm+2 and ηtop(α) ∈ Upm+2, and that
we have introduced a map pi : Wm+2 → Upm+2 above, see (36).
Proposition 7.1 We have pi(f(α)) = ηtop(α).
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Proof. We resume notation and assumptions from the Adams resolution (24) and con-
sider the following web of horizontal and vertical fiber sequences constructed by suitably
smashing the defining fiber sequences
MU //MUQ //MUQ/Z
and
S //MU //MU .
Σ−1MUQ ∧MU //

Σ−1MUQ/Z ∧MU //

MU ∧MU //

MUQ ∧MU

Σ−1MUQ ∧MU //

Σ−1MUQ/Z ∧MU

//MU ∧MU

//MUQ ∧MU

MUQ

//MUQ/Z

// ΣMU

// ΣMUQ

MUQ ∧MU //

MUQ/Z ∧MU //

ΣMU ∧MU //

ΣMUQ ∧MU

MUQ ∧MU //MUQ/Z ∧MU // ΣMU ∧MU // ΣMUQ ∧MU.
(37)
The class αˆ ∈ MUm+1 is torsion and therefore has a lift α˜Q/Z ∈ MUQ/Z,m+2. Since
αˆ admits the lift α˜ in (24), it is in the kernel of id ∧  : MUm+1 → (MU ∧MU)m+1,
hence the image of α˜Q/Z under MUQ/Z,m+2 → (MUQ/Z ∧MU)m+2 further lifts to some
η ∈ (MUQ ∧MU)m+2, c.f. (21). The image of η under the map
ν¯Q ∧ θ :MUQ ∧MU → TQ ∧K , νQ := (γ ◦ κ)Q
is a possible choice of the element η ∈ (T¯Q ∧K)m+2 in the construction of ηtop, c.f. (21).
By a diagram chase one checks that the class η projects under
MUQ ∧MU →MUQ ∧MU
to the image −α˜Q of the element −α˜ ∈ (MU ∧MU)m+2 from (24) under the map
MU ∧MU →MUQ ∧MU .
We summarize the above discussion in the following diagram.
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η
_
(21)

 (diagram chase) // −α˜Q_
(Def.5.2)

(MUQ ∧MU)m+2 //
ν¯Q∧θ

(MUQ ∧MU)m+2
κ¯∧κ¯

η
_
(Def.4.1)

(T¯Q ∧K)m+2

(E¯ΓQ ∧ E¯Γ)m+2

C[[p]]
NZ[[p]]+EΓC,m+2[[p]]+C
C[[p,q]]
NZ[[p,q]]+EΓC,m+2[[q]]+EΓC,m+2[[p]]+C
pioo
−ηtop(α) = −pi(f(α)) −f(α).oo
Mapping η clockwise to Upm+2 yields −pi(f(α)) while mapping it counter-clockwise gives
−ηtop(α). We claim that the solid diagram above commutes. This immediately implies
that ηtop(α) = pi(f(α)). In order to see the claim note that we can factorize the orientation
θ :MU → K as
MU
κ→ EΓ γ→ T q 7→0→ K .
This is applied to the second factor. 2
8 Analysis of ηan
Let m > 0 be even and assume that the class α ∈ piSm ∼= Ωfrm is represented by a manifold
Z with a framing of the stable tangent bundle TZs. Since α ∈ piSm is a torsion element,
and MUm is torsion-free, the image (α) ∈ MUm under the unit  : S → MU vanishes.
Hence we can choose a zero bordism N , ∂N ∼= Z, with a stable complex structure on
TN s which extends the framing.
We choose a Riemannian metric on N with a product structure which induces a Rieman-
nian metric on Z. We choose furthermore a hermitian metric and a hermitian connection
on TN s which become the trivial ones near Z.
The normal complex structures on N and Z determine a Spinc-structure. We choose
an extension of the Levi-Civita connection ∇LC on N to a Spinc-connection (see Section
2) which is of product type near Z. With the complex spinor bundle, N becomes a
geometric manifold N with boundary Z = ∂N . We refer to [Bun] for the notion of a
geometric manifold which is used as a shorthand for the collection of structures needed to
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define a generalized Dirac operator 6DN . The relation Z = ∂N implies that the boundary
reduction of 6DN is 6DZ .
It follows from the bordism invariance of the index that index(6DZ) = 0. Therefore we
can choose some taming 6DZ,t (See Section 6 and [Bun]. Note that in the present note
we use a different notation which attaches the taming to the symbol for Dirac operator
instead of the geometric manifold.). The operator 6DZ,t is an invertible perturbation of
6DZ . If the latter itself is invertible, then the trivial taming is a canonical choice used in
Section 3.
Recall the definition (12) of the bundles Wn → N as coefficients of the formal power
series C(TN s)(p). These bundles come with induced hermitian metrics and hermitian
connections ∇Wn . The trivialization of TN s near Z induces trivializations of Wn near Z.
Hence we have identifications of 6DZ⊗Wn|Z with direct sums of copies of 6DZ . We see that
the taming 6DZ,t induces a boundary taming ( 6DN ⊗Wn)bt.
Since N is odd-dimensional we can extend this boundary taming to a taming (DN⊗Wn)t.
The sequence of η-invariants η((6DN ⊗Wn)t) ∈ R gives rise to a formal power series which
we will denote by (compare (14))
η(p) := η((6DN ⊗ C(TN s)(p))t) ∈ C[[p]] . (38)
Definition 8.1 We define
ηan ∈ C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
as the class represented by∫
N
T˜d(∇TNs ,∇LC,L) ∧ ch(∇C(TNs)(p))− η(p) .
Theorem 8.2 The element ηan does only depend on the class α ∈ piSm.
Since ηan is clearly additive under disjoint union of framed manifolds and changes sign if
we switch the orientation we thus get a homomorphism
ηan : piSm →
C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
.
We first show the independence of ηan of the various choices in the construction.
Lemma 8.3 The class ηan does not depend on the choice of the extension (6D⊗C(TN s)(p))t
of the boundary taming.
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Proof. If (6D⊗C(TN s)(p))′t is a second choice with resulting η′(p) and ηan′, then by [Bun,
2.2.17]
η′(p)− η(p) = Sf((6D ⊗ C(TN s)(p))′t, (6D ⊗ C(TN s)(p))t) ∈ NZ[[p]] ,
where Sf(Dt, D
′
t) denotes the spectral flow of a family of pre-tamed Dirac operators in-
terpolating between Dt and D
′
t. This implies that η
an = ηan′. 2
Lemma 8.4 The class ηan does not depend on the choice of the taming 6DZ,t.
Proof. Let 6D′Z,t be a second choice. We consider the product Z × I. The two tamings
6DZ,t, 6D′Z,t induce a boundary taming 6DZ×I,bt. This boundary taming can be extended to a
taming 6DZ×I,t since Z×I is odd-dimensional. The boundary of N×I consists of the faces
N×{0}, N×{1}, and Z×I. We choose some extensions (6DN⊗C(TN s))t, (6DN⊗C(TN s))′t
of the boundary tamings 6DZ,t ⊗ C(TN s)|Z and 6D′Z,t ⊗ C(TN s)|Z . These choices give
tamings of the the corresponding boundary face reductions of (6DN×I ⊗ C(pr∗1TN s)).
Together with the taming 6DZ×I,t ⊗ C(TN s)|Z this yields a boundary taming (6DN×I ⊗
C(pr∗1TN
s))bt. We now apply the index theorem [Bun, Theorem 2.2.13 (2)] and get
index((6DN×I ⊗ C(pr∗1TN s))bt)
= η(D∂(N×I) ⊗ C(TN s)|∂(N×I))bt) + Ω((N × I)⊗ C(pr∗1TN s)) ∈ NZ[[p]] ,
where η(D∂(N×I)⊗C(pr∗1TN s)|∂(N × I))t is the sum of the η-invariants of the boundary
faces, i.e.
η(D∂(N×I) ⊗ C(pr∗1TN s)|∂(N×I))t = η(6D′Z×I,t ⊗ C(pr∗1TN s|Z))
−η((6DN ⊗ C(TN s))t)
+η((6DN ⊗ C(TN s))′t) ,
and Ω((N × I) ⊗ C(pr∗1TN s)) denotes the local contribution to the index. Since the
geometry of (N×I) is of product type we get Ω((N×I)⊗C(pr∗1TN s)) = 0. Furthermore,
we have by (16)
η(6D′Z×I,t ⊗ C(pr∗1TN s|Z)(p)) ∈ C ⊂ C[[p]] ,
since pr∗1TN
s
|Z is trivial. This implies that
η(6DN ⊗ C(TN s)(p))t) ≡ η(6DN ⊗ C(TN s)(p))′t) modulo NZ[[p]] + C
and hence the assertion of the Lemma. 2
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Lemma 8.5 The class ηan does not depend on the choice of the zero bordism N .
Proof. Let N ′ be a second choice leading to ηan′. Then we can form the closed manifold
Y := N ∪Z (N ′)op by glueing N and N ′ along their boundaries. We can choose the geo-
metric structures on N and N ′ (Riemannian metrics, Spinc-connections and connections
on stable tangent bundles) such that they coincide near Z and thus induce corresponding
geometric structures on Y . We let Y denote the corresponding geometric manifold. Since
Y is odd-dimensional we can choose a taming (6DY ⊗ C(TY s))t. The glueing formula for
η-invariants gives
η((6DN ⊗ C(TN s)(p))t)− η((6DN ′ ⊗ C(TN ′s)(p))t)− η((6DY ⊗ C(TY s)(p))t) ∈ NZ[[p]] .
The calculation (15) together with the identity
0 =
∫
N
T˜d(∇TNs ,∇LC,L) ∧ ch(∇C(TNs)(p))−
∫
N ′
T˜d(∇TN ′s ,∇LC,L) ∧ ch(∇C(TN ′s)(p))
−
∫
Y
T˜d(∇TY s ,∇LC,L) ∧ ch(∇C(TY s)(p)) = 0
now implies that ηan = ηan′. 2
Lemma 8.6 The class ηan does only depend on the framed bordism class α.
Proof. Note that ηan is additive with respect to disjoint union and changes sign if we
reverse the orientation. If Z is framed zero bordant, then we can use this zero bordism
in place of N . In this case the bundle TN s is trivialized. We first extend the taming 6DZ,t
to a taming 6DN,t. It induces a taming 6DN,t ⊗ C(TN s), and we get∫
N
T˜d(∇TNs ,∇LC,L) ∧ ch(∇C(TNs)(p))− η((6DN,t ⊗ C(TN s)(p))t) ∈ C .
This implies the result. 2
This finishes the proof of Theorem 8.2. 2
Recall the definition of ηtop given in Section 4.
Theorem 8.7 For even m > 0 we have the equality of homomorphisms
ηan = ηtop : piSm →
C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
Proof. We apply Proposition 7.1 to the equation (35). 2
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9 Mod k-indices
In the present Section we first explain a way to represent ηan as a mod-k-index. Then
we use similar ideas in order to shed some new light on the classical mod-k-index of
Freed-Melrose [FM92].
Assume that m > 0 is even and let α ∈ piSm be represented by the stably framed manifold
Z. Then there is a pair (N,Z) consisting of the stably framed manifold Z and a stably
complex zero bordism N which represents the class αˆ ∈ MUm+1 in (18). We have seen
that αˆ is a torsion class. Let k > 0 be an integer such that kαˆ = 0. This means that
there exists a manifold Y with corners of codimension two and two boundary faces ∂iY ,
i = 0, 1, and complex stable tangent bundle TY s → Y such that
1. ∂0Y ∼= kN as stably complex manifolds, where kN is the disjoint union of k copies
of N ,
2. the complex structure of TY s|∂1Y refines to a framing,
3. the framing of TY s|kZ is the given one on the k copies of Z.
We choose the geometric structures (Riemmanian metrics, Spinc-connections and hermi-
tian connections on the stable tangent bundles) adapted to the corner structure (as in
Section 6) and get a geometric manifold Y so that ∂0Y = kN . We extend the taming
6DkZ,t (which is induced by 6DZ,t) to a taming 6D∂1Y,t (this is possible since this boundary
is odd-dimensional). It induces a taming 6D∂1Y,t ⊗ C(TY s|∂1Y ). Together with a taming
(6D∂0Y ⊗ C(TY s|∂0Y ))t induced by k copies of the taming (6DN ⊗ C(TN s))t this yields a
boundary taming ( 6DY ⊗ C(TY s))bt.
Proposition 9.1 In the above situation we have
ηan(α) = [−1
k
index((6DY ⊗ C(TY s)(p))bt)] ∈
C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
.
Proof. We have the index theorem for manifolds with corners [Bun, Theorem 2.2.13 (2)]
index((6DY ⊗ C(TY s)(p))bt) (39)
= Ω(Y ⊗ C(TY s)(p)) + η(6D∂1Y,t ⊗ C(TY s|∂1Y )(p))
+kη((6DN ⊗ C(TY s|∂0Y )(p))t)
∈ NZ[[p]] . (40)
33
We now observe that η(6D∂1Y,t ⊗ C(TY s|∂1Y )(p)) ∈ C, and
Ω(Y ⊗ C(TY s)(p)) =
∫
Y
Td(∇LC,L) ∧ ch(∇C(TY s)(p))
=
∫
Y
Td(∇TY s) ∧ ch(∇C(TY s)(p))
−
∫
∂Y
T˜d(∇TY s ,∇LC,L) ∧ ch(∇C(TY s)(p))
(compare (13)). The latter equality shows that
Ω(Y ⊗ C(TY s)(p)) +
∫
∂Y
T˜d(∇TY s ,∇LC,L) ∧ ch(∇C(TY s)(p)) ∈ EΓC,m+2[[p]] .
We further observe that∫
∂1Y
T˜d(∇TY s ,∇LC,L) ∧ ch(∇C(TY s)(p)) ∈ C
and∫
∂0Y
T˜d(∇TY s ,∇LC,L) ∧ ch(∇C(TY s)(p)) = k
∫
N
T˜d(∇TNs ,∇LC,L) ∧ ch(∇C(TNs)(p)) .
We conclude that
index((6DY ⊗ C(TY s)(p))bt)
≡ kη((6DN ⊗ C(TY s|∂0Y )(p))t)
−k
∫
N
T˜d(∇LC,L,∇TNs) ∧ ch(∇C(TNs)(p))
= −kη(p)
modulo EΓC,m+2[[p]] + C, where η(p) is as in (38). Therefore
ηan(α) = [−1
k
index((6DY ⊗ C(TY s)(p))bt)] ∈
C[[p]]
NZ[[p]] + EΓC,m+2[[p]] + C
.
2
We now discuss the Z/kZ-index theorem first considered in [FM92]. Let Z be a closed
Spinc-manifold, and V → Z be a r-dimensional complex vector bundle. Let us assume
that there is a Spinc-manifold Y with boundary ∂Y ∼= kZ (k copies of Z) together with
a complex vector bundle W → Y and an isomorphism with V of its restriction to each
copy of Z in ∂Y .
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We choose a Spinc-connection on Z, and a hermitian metric and connection on V . Then
we extend these structures over W with product structures near the boundary. With the
V -twisted spinor bundle we get a geometric manifold Z. The W -twisted spinor bundle
makes Y into a geometric manifold Y such that ∂Y = kZ.
Let us now assume that Z is odd-dimensional. Then we can choose a taming ( 6DZ ⊗ V )t
which induces a boundary taming (6DY ⊗W )bt. The analytic Z/kZ-index of this data is
the element
indexan := [index((6DY ⊗W )bt)] ∈ Z/kZ .
An n-dimensional Spinc-manifold Z represents a bordism class [Z] ∈ pin(MSpinc), i.e.
a homotopy class z : ΣnS → MSpinc. The vector bundle V → Z is classified by a map
v : Z → BU(r), where r = dim(V ). Let pi : N → Z be a representative of the stable
normal bundle, f : Z → BSpinc(m) be its classifying map, and t : ZN → MSpincm be
the induced map of Thom spaces. We furthermore choose an embedding i : Z ↪→ Sm+n
together with an extension to an open embedding N ↪→ Sn+m of the normal bundle. We
let p¯i : N¯ → Z be the bundle of fiberwise one-point compactifications and a : N¯ → ZN
the natural projection. The map b in the diagram
N¯
a×p¯i //
a

ZN × Z t×v //MSpincm ×BU(r)

ZN
b //MSpincm ∧BU(r)+
is the natural factorization. We get a commutative diagram
Z
i

f×v // BSpinc(m)×BU(r)
0×id

Sm+n
c
FF
β //
t◦c
((QQ
QQQ
QQQ
QQQ
QQQ
MSpincm ∧BU(r)+
pr1

ZN
boo
tvvnnn
nnn
nnn
nnn
nn
MSpincm
,
where 0 indicates the embedding into the zero section of a Thom space of a vector bundle,
and where c is the clutching map. The composition t◦ c represents the stable map z. The
map β is defined as the composition β := b ◦ c.
This generalization of the Thom-Pontrjagin construction gives a bijection between stable
homotopy classes of maps
β ∈ colimm[Sn+m,MSpincm ∧BU(r)+] = pin(MSpinc ∧BU(r)+)
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and bordism classes of a n-dimensional normally Spinc-manifold together with an r-
dimensional complex vector bundle.
We define the spectrum MSpincZ/kZ as the cofiber in
MSpinc
k→MSpinc →MSpincZ/kZ . (41)
It induces a corresponding cofiber sequence
Σ−1MSpinc∧BU(r)+ q→ Σ−1MSpincZ/kZ∧BU(r)+ →MSpinc∧BU(r)+ k∧id→ MSpinc∧BU(r)+ .
(42)
The Spinc zero-bordism Y of kZ together with the extension W → Y of the bundle
k(V → Z) over Y determines a lift β˜ in
Σ−1MSpincZ/kZ ∧BU(r)+

ΣnS
β //
β˜
66lllllllllllllll
MSpinc ∧BU(r)+ .
Let α :MSpinc → K be the Atiyah-Bott-Shapiro K-orientation. We extend the map α
to a map of fiber sequences
Σ−1MSpincZ/kZ
α˜

//MSpinc
α

k //MSpinc
α

Σ−1KZ/kZ // K
k // K
by choosing a α˜. The map α˜ is unique up to homotopy and addition of elements in
[Σ−1MSpincZ/kZ,Σ
−1K] ∼= K0(MSpincZ/kZ) .
For spectra E,F an element α ∈ EmF is called a phantom map if the induced maps
α∗ : F ∗(X) → E∗+m(X) vanish for all finite CW -complexes X. The following Lemma
implies that α˜ is unique up to phantom maps.
Lemma 9.2 K0(MSpincZ/kZ) consists of phantom maps.
Proof. We apply K-theory to the triangle (41) and get an associated long exact sequence
· · · → K−1(MSpinc)→ K0(MSpincZ/kZ)→ K0(MSpinc) k→ K0(MSpinc)→ . . . .
The lemma immediately follows from the following two assertions:
1. K−1(MSpinc) consists of phantom maps.
36
2. K0(MSpinc) is torsion-free.
We have a filtration of MSpinc by the suspension subspectra
· · · ⊂ Σ∞−aMSpinca ⊂ Σ∞−a−1MSpinca+1 ⊂ · · · ⊂MSpinc
such that the natural map colimaΣ
∞−aMSpinca → MSpin is an isomorphism. Indeed,
since colimits of spectra2 are defined levelwise we get
(colimaΣ
∞−aMSpinca)n = colimaΣ
n−aMSpinca =MSpin
c
n .
Since all structure map in the above direct system are cofibrations the colimit is a homo-
topy colimit, and hence the filtration of MSpinc gives rise to a Milnor exact sequence
0→ lim 1aKn−1+a(MSpinca)→ Kn(MSpinc)→ lim aKn+a(MSpinca)→ 0
of K-theory groups. The structure maps R of the inverse system of K-theory groups fit
into a commutative diagrams
Kn+a+1(MSpinca+1)
R // Kn+a(MSpinca)
Kn(BSpinc(a+ 1))
Φ
OO
r // Kn(BSpinc(a))
Φ
OO
,
where r is the restriction along BSpinc(a) → BSpinc(a + 1), and Φ denotes the Thom-
isomorphisms.
By Atiyah-Segal [AS69] we know that
K0(BSpinc(a)) ∼= R(Spinc(a))ˆI , K1(BSpinc(a)) = 0 ,
where R(Spinc(a))ˆI is the representation ring of the group Spin
c(a) completed at the
dimension ideal I. Note that R(Spinc(a)) is noetherian, hence R(Spinc(a))ˆI is a flat
R(Spinc(a))-module and itself torsion-free. We conclude that
K0(MSpinc) ∼= lim a R(Spinc(a))ˆI
torsion-free, and hence assertion 2. Moreover, we have
K1(MSpinc) ∼= lim 1a Ka(MSpinca) ,
and this is assertion 1. 2
2What we call a spectrum in this paper is often called a prespectrum in the literature, where the term
spectrum is reserved for an Ω-spectrum.
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Note thatKZ/kZ has a canonical structure of aK-module spectrum. Let j : Σ
∞BU(r)+ →
K be the adjoint of BU(r)+ → Z×BU = Ω∞K. The composition
ΣnS
β˜→ Σ−1MSpincZ/kZ ∧BU(r)+ ∼= Σ−1MSpincZ/kZ ∧ Σ∞BU(r)+
α˜∧j→ Σ−1KZ/kZ ∧K mult→ Σ−1KZ/kZ
is an element
indextop ∈ pin+1(KZ/kZ) ∼= Z/kZ
which we call the topological index. This map does not change if we add a phantom map
to α˜, since ΣnS is finite. By Lemma 9.2 the topological index is well-defined.
It is now natural to ask whether the following is true.
Assertion 9.3 We have the equality indexan = indextop.
We think hat this assertion is true in general, and we will give a simple proof in a special
case.
Proposition 9.4 The assertion 9.3 is true if there exists a Spinc zero-bordism X of Z
together with an extension U → X of the bundle V → Z.
Proof. The assumption of the Proposition is equivalent to the fact that the class β˜ ∈
pin+1(MSpin
c
Z/kZ ∧BU(r)+) is in the image of
q : pin+1(MSpin
c ∧BU(r)+)→ pin+1(MSpincZ/kZ ∧BU(r)+) ,
where q is the first map in (42). Indeed, if β˜ = q(σ) for some σ ∈ pin+1(MSpinc∧BU(r)+),
then (X,U → X) can be obtained from a choice of a homotopy between representatives
of these maps.
We choose an extension of the geometry from Z to X and thus obtain a geometric
manifold X with boundary Z. The taming (6DZ ⊗ V )t induces a boundary taming (6DX ⊗
U)bt.
We can glue k-copies of X with Y in order to get a closed manifold C := Y ∪kZ kX . The
bundles W → Y and k copies of U → X glue to a bundle E → C. By the additivity of
the index we have
index(6DC ⊗ C) = index((6DY ⊗W )bt) + kindex((6DX ⊗ U)bt) .
In Z/kZ we thus have the equality
[index(6DC ⊗ E] = [index((6DY ⊗ V )bt)] = indexan .
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The basis of the proof of the additivity of the index is the following fact. The union
(Y,W → Y )unionsqk(−X,U → X) is bordant as Spinc-manifolds with complex vector bundles
and k-multiple boundary components to (C,E → C) (the bordism can be constructed as
in [BP04, Prop. 6.1]). Note that we can take this manifold and bundle to represent the
class σ such that q(σ) = β˜. It follows from the commutative diagram
pin+1(MSpin
c ∧BU(r)+)
index mult◦(α∧i)

q // pin+1(MSpin
c
Z/kZ ∧BU(r)+)
mult◦(α¯∧i)

Kn+1 // KZ/kZ,n+1
that in Z/kZ
[index(6DC ⊗ E)] = indextop .
2
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